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The stability of Reissner-Nordstrom black holes under the influence of neutral perturbation fields 
was proved by Moncrief four decades ago. However, the superradiant scattering phenomenon, which 
characterizes the dynamics of charged bosonic fields in these charged black-hole spacetimes, imposes 
a greater and non-trivial threat on their stability. According to this well-known phenomenon, 
integer-spin charged fields interacting with a Reissner-Nordstrom black hole can be amplified (gain 
energy) by extracting some of the black-hole Coulomb energy. If, in addition to being electrically 
charged, the incident bosonic fields also possess non-zero rest masses, then the mutual gravitational 
attraction between the central black hole and the fields may prevent the extracted energy and electric 
charge from escaping to infinity. One may suspect that the physical mechanism of superradiant 
amplification of charged bosonic fields in the charged Reissner-Nordstrom black-hole spacetime, 
when combined with the confinement mechanism provided by the mutual gravitational attraction 
between the black hole and the massive fields, may lead to a superradiant instability of the Reissner- 
Nordstrom black-hole spacetime. (This suspicion is mainly based on our experience with rotating 
Kerr black holes, which are known to be characterized by an analogous superradiant instability when 
coupled to massive bosonic fields). However, in this paper we show that, for highly-charged Reissner- 
Nordstrom black holes in the charge interval 8/9 < (Q/M) 2 < 1, the two physical mechanisms which 
are required in order to trigger the superradiant instability phenomenon in the black-hole spacetime 
[namely: (1) the superradiant amplification of incident charged scalar fields by the charged black 
hole, and (2) the existence of a binding potential well in the black-hole exterior region which prevents 
the extracted energy and electric charge from escaping to infinity] cannot operate simultaneously. 

In particular, we shall prove that, in the superradiant regime, there is no trapping potential well in 
the black-hole exterior region. Our stability results for the highly-charged Reissner-Nordstrom black 
holes in the regime 8/9 < (Q/M) 2 < 1, combined with former analytical studies which explored the 
stability of these charged black holes in the complementary regime (Q/M) 2 < 8/9, establish the fact 
that charged Reissner-Nordstrom black holes are stable to charged massive scalar perturbations in 
the entire parameter space. 


I. INTRODUCTION 


Rotating Kerr black holes are known to be super-radiantly unstable under the influence of co-rotating massive 
bosonic fields Q-Q. It has recently been shown that, for a scalar field of mass /i and azimuthal harmonic index to, 
the instability regime is bounded by the relation [5|-[7| 


0 < fj, < toOh , (1) 

where Oq is the angular velocity of the black-hole horizon Q. 

The instability of the composed Kerr-massive-bosonic-field system is a direct consequence of the superradiance 
phenomenon which characterizes the dynamics of integer-spin fields in spinning black-hole spacetimes |l|-|j, |9j. In 
particular, it is well established that a bosonic field mode of frequency ui impinging upon a spinning Kerr black hole 
is amplified (extracts rotational energy and angular momentum from the black hole) if the superradiance condition 

EL0 


ui < toHh 


( 2 ) 


is satisfied. 

While the physical mechanism of superradiant amplification is required in order to extracts rotational 

energy from the spinning Kerr black hole, an additional physical mechanism is required in order to trigger a genuine 
exponentially growing instability in the black-hole spacetime. In particular, for the instability to exist, one should 
prevent the bosonic fields from radiating their energy to infinity. For the case of massive bosonic fields propagating in 
the black-hole spacetime, it is the attractive gravitational interaction between the central black hole and the massive 
fields which provides a natural confinement mechanism, thus preventing the extracted rotational energy from escaping 


2 


to infinity. In particular, it is well established M that field modes whose conserved frequencies are bounded from 
above by 

w 2 < g, 2 (3) 

are prevented from escaping to infinity [see Eq. (fT5l) below]. 

A similar physical mechanism, which involves the superradiant amplification of charged bosonic fields, threatens 
the stability of charged Reissner-Nordstrom black holes. In this case, the superradiant scattering phenomenon (that 
is, the amplification of incident charged bosonic fields) occurs for frequencies in the regime m 

lo < g<f> H , (4) 

where q and = Q/r+ are respectively the charge coupling constant of the incident scalar field and the electric 
potential of the central Reissner-Nordstrom black hole. (Here Q and r+ are respectively the electric charge and 
horizon radius of the black hole EH)- 

The scattering of charged bosonic fields in the superradiant regime (j4j is characterized by the extraction of Coulomb 
energy and electric charge from the charged Reissner-Nordstrom (RN) black hole 0- It is thus natural to suspect that 
the superradiant phenomenon, which characterizes the dynamics of charged massive bosonic fields in the charged RN 
black-hole spacetime, together with the natural confinement mechanism ([3]) provided by the attractive gravitational 
interaction between the central black hole and the massive fields, may lead to an instability of the charged RN 
spacetime (l2| . 

The suspicion that the charged RN black-hole spacetime may be unstable to charged massive scalar perturbations 
is based on the similarity between the physical phenomenon of superradiant amplification of charged bosonic fields in 
the charged RN black-hole spacetime and the physical phenomenon of superradiant amplification of rotating massive 
bosonic fields in the rotating Kerr black-hole spacetime. As discussed above, in the later case the superradiant 
amplification of massive scalar perturbations is known to produce exponentially growing instabilities in the Kerr 
black-hole spacetime. 

However, in [l3| we have proved that charged RN black holes in the regime 

(Q/M) 2 < | (5) 

are actually stable under the influence of charged scalar perturbations fl4j . The main goal of the present paper is 
to analyze the stability under charged scalar perturbations of highly-charged RN black holes in the complementary 
regime 

l < (Q/M) 2 < 1 . (6) 

Below we shall provide evidence for the stability of the composed RN-charged-scalar-field system in the regime (0 . In 
particular, we shall show that, for highly-charged RN black holes in the regime 0, the two physical mechanisms which 
are required in order to trigger the superradiant instability phenomenon [namely: (1) the superradiant amplification 
of the charged bosonic fields, and (2) the existence of a binding potential well in the black-hole exterior region which 
prevents the extracted energy and electric charge from escaping to infinity] cannot operate simultaneously. Our results 
thus support the stability of these highly-charged RN black holes. 


II. DESCRIPTION OF THE SYSTEM 


The physical system we shall analyze is composed of a massive charged scalar field which is linearly coupled to a 
charged Reissner-Nordstrom black hole. The RN black-hole spacetime is described by the line element [h| 

ds 2 = — ^l^ dt 2 + dr 2 + r 2 {d0 2 + sin 2 ddcft 1 ) , (7) 

r A(r) 

where [3] 

A = r 2 - 2 Mr + Q 2 . (8) 

Here M and Q are respectively the mass and electric charge of the black hole, and r is the radial areal coordinate. 
The black-hole (event and inner) horizons are determined by the zeroes of A (r): 


r ± =M± \J M 2 - Q 2 . 


( 9 ) 
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The dynamics of the charged massive scalar field \f r in the charged RN black-hole spacetime is described by the 
Klein-Gordon wave equation I16i - fl9l ] 


[(V" - iqA v )(V„ - iqA v ) - ^ = 0 . (10) 

Here fj, and q are respectively the mass and charge coupling constant of the field [20|, and A„ = — 5®Q/r is the 
electromagnetic potential of the black hole. It proves useful to decompose the scalar field in the form 

*(i, r, 0 , <j>) = ^ , (11) 

lm 

where u> is the conserved frequency of the field mode, and {/,m} are respectively the spherical harmonic index and 
the azimuthal harmonic index of the mode j2l| . Remembering that any instability must set in via a real-frequency 
mode mm, we shall consider here marginally-stable field modes with wj = 0. 

Substituting the field decomposition ED into the Klein-Gordon wave equation ED- one finds that the radial 
function ip and the angular function S are determined by two ordinary differential equations which are coupled by 
a separation constant A") = l(l + 1) [23p]25( . The radial equation for ip takes the form of a Schrodinger-like wave 

equation 03 EM3 


^t + ( U} ^V)iP = 0, (12) 


where 


2 T r U + M 2 — Q 2 

A 2 

(13) 

with 


U = (wr 2 - qQr ) 2 - A[//V + 1(1 + 1)] . 

(14) 

Note that the bound-state resonances of the scalar field in the black-hole spacetime 
decaying eigenfunctions at large distances from the black hole H, 0) : 

are characterized by exponentially 

ip(r -A oo) ~ re -\/^ 2_ ‘ j2 ’" with oj 2 < fj 2 . 

(15) 


III. NO BOUND-STATE RESONANCES IN THE SUPERRADIANT REGIME 

As discussed in the Introduction, two distinct physical mechanisms are required to operate simultaneously in order 
to trigger a superradiant instability in the black-hole spacetime: 

• The extraction of Coulomb energy from the charged black hole due to the physical mechanism of superradiant 
amplification of charged bosonic fields in the superradiant regime uj < qQ/r + [see Eq. ©]. 

• The existence of a binding potential well in the black-hole exterior region which prevents the extracted energy 
from escaping to infinity. This trapping potential is required in order to support the bound-state resonances of 
the charged scalar fields in the black-hole exterior region. In particular, in order to support these bound-state 
scalar configurations, the potential well must be separated from the black-hole horizon by a potential barrier. 

We shall prove below that these two physical mechanisms (that is, superradiant amplification and trapping of the 
fields) cannot operate simultaneously in the regime ([HD of highly-charged RN black holes. 

Specifically, we shall prove below that, in the superradiant regime (HD, there are no bound-state resonances of the 
charged scalar fields in the black-hole exterior region [that is, we shall prove that, for highly-charged RN black holes 
in the regime ©, there are no trapping potential wells in the black-hole exterior region which are separated from the 
black-hole horizon by a potential barrier]. To that end, we shall now study the properties of the effective potential 
V (r; M, Q, /it, q , w, l) that appears in the Schrodinger-like radial wave equation (ED- 




4 


A. The gradient of the effective radial potential 

The gradient of the effective radial potential V (r) can be expressed as a 4th order polynomial function 

A 3 

- —V'(z; M, Q , /x, q, w, /) = az 4 + bz 3 + cz 2 + dz + e , 


(16) 


where 


z = r-r- . (17) 

The expansion coefficients in (Hsu are given by [26] 

a = M/? + Qquj - 2 Mu 2 , (18) 

b = (4 Mr- - 2 M 2 - Q 2 )h 2 + (-8 Mr- + 2 Q 2 )uj 2 + 2 Q(M + 2r_) 9 w - QV + Z(Z + 1) , (19) 

c = — 3r 2 _(r + — M)n 2 + 3r 3 (— — w)(2w — —) — 3(r + — M)l(l + 1) , (20) 

r_ r_ 


and 


e = 2ri(r + — M)(ui — + 2(r + — M ) 3 . 


( 21 ) 


Note that the condition © for the existence of bound-state scalar resonances in the black-hole exterior region, 
together with the condition © for the existence of the superradiant amplification phenomenon of the trapped bosonic 
modes, imply that the mode frequency to is restricted to the interval 

0 < w < min{^—,/x) . (22) 

r + 


B. The signs of the coefficients {a,b, c, e} 


In order to analyze the spatial behavior of the effective radial potential V (r), we shall first analyze the signs of the 
coefficients {a, b, c, e} that appear in the gradient equation (1T61) . 

It was proved in [ 131 ] that, in the frequency interval (1221) . the coefficient a is positive definite in the entire range 
0 < (Q/M) 2 < 1 [Ij: 


a > 0 . (23) 

In addition, inspection of Eq. ED reveals that the coefficient e is positive definite in the entire range 0 < (Q/M) 2 < 1 
0 : 


e > 0 . (24) 

We shall now prove that, for highly-charged Reissner-Nordstrom black holes in the charge interval [see Eq. ©] 

^ < x 2 < 1 ; x = Q/M , (25) 


(at least) one of the inequalities 


b > 0 ; c < 0 , 


(26) 


holds true. In particular, we shall henceforth assume that [28 ] 

c > 0 , 


(27) 
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and prove that this inequality necessarily implies the inequality 

b > 0 


( 28 ) 


in the frequency interval (l22l) . 

Note that a necessary condition for the validity of the inequality c(w) > 0 is given by ( qQ/r _ — w)(2w — qQ/r-) > 0 
[see Eq. (|20|) ]. or equivalently by qQ/2r^ < w < qQ/r Taking cognizance of (l22l) a nd using the fact that r_ < r+, 
one realizes that in the regime (12711 the conserved mode frequency is bounded by [29[ 

qQ . . . <qQ , om 

-— <w<mm{ -. (29) 

2r_ 1 r + J 

There are two distinct cases which should be analyzed separately: 

Case (A): Charged Reissner-Nordstrom black holes in the interval 

8/9 < x 2 < 4\/3 — 6 . (30) 

This charge interval corresponds to the inequality 4— 2 M 2 — Q 2 < 0 for the coefficient of /r 2 in (ITPll . in which 
case one can obtain a lower bound on the value of the coefficient 6(w) by substituting into (1TP1) the maximally allowed 
value of the mass parameter /i 2 . This value is given by the inequality [see Eq. (BOl) with c > 0] 

0 < 3r 2 (r + — M)^i 2 < 3r[[_(— — w)(2w — —) — 3(r + — M)l(l + 1) . (31) 

r_ r_ 


Substituting (Bill into (1TP1) . one finds 


2-»/l _ r 2 

b > I(u; x) + —— —j=^=— ■ 1(1 + 1) , 
(1 — v 1 — x 2 -) 1 


(32) 


where 


I(uj;x) = 


2x 2 - 4 + 4V1 - x 2 

y/1 — X 2 


■ (Mco) 2 


2-6 Vl~. 


\/l — x 2 


■ qQMuJ + 


3y / r^-i 

\/l — a; 2 (l — Vl — x 2 ) 


■ (qQ) 2 


(33) 


Note that 2x 2 — 4 + 4\/T — x 2 < 0 in the entire range 0 < x 2 < 1, which implies that the dependence of /(w) on 
w is in the form of a convex parabola. Thus, I (to) is minimized at the boundaries of the frequency interval (1291) . 
Substituting w — > qQ/2r- into (1551) . one finds 

I(uj qQ/2r-,x) = ^{qQ) 2 > 0 , (34) 

which obviously has a positive definite value. Substituting into (1551) w — > qQ/r+ for the case qQ/r+ < n, one finds 


I{u} ->■ qQ/r + ; x) 


16(1 — \/T^l?) + 2x 2 [b\T\~~x 2 — 7) — x 4 . . o „ 

-^--- qQY > 0 


(35) 


where the inequality sign in (1351) refers to RN black holes in the entire range 0 < x 2 < 1. This implies, in particular, 
that the expression (1551) is a positive definite function in the charge interval (1501) . Substituting into (1551) to —> p, for 
the case qQ/2r- < /r < qQ/r + [HI, one finds [30j] 


J(w —>• /r;x) > min{/(w —> qQ/2r-' : x),I(oj qQ/r+]X )} > 0 . 


(36) 


We therefore conclude that charged Reissner-Nordstrom black holes in the charge interval (1501) are characterized by 
(at least) one of the relations [see Eqs. (071) . (1521) . (1551) . (1551) . and (1501) ] 

b>I> 0 ; c < 0 . (37) 


Case (B): Charged Reissner-Nordstrom black holes in the interval 

4V3 - 6 < x 2 < 1 . 


(38) 
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This charge interval corresponds to the inequality 4Mr_ — 2M 2 — Q 2 > 0 for the coefficient of /i 2 in m- Remembering 
that n 2 > oj 2 [see edi, one can obtain a lower bound on the value of the coefficient b(ui) by replacing /i —> oo in (1191) . 
One then finds 

b > J(u; x) + 1(1 + 1 ) , ( 39 ) 

where 

J(w; x) = ( x 2 + 4 Vl - x 2 - 6) • (Mu) 2 + 2(3 - 2y/l - x 2 ) ■ qQMu - (qQ f . (40) 

Note that x 2 + 4\/l — a : 2 — 6 < 0 in the entire range 0 < x 2 < 1, which implies that the dependence of J(u>) on 
u! is in the form of a convex parabola. Thus, J(w) is minimized at the boundaries of the frequency interval (1291) . 
Substituting w —> qQ/2r_ into (TTOl) . one finds 


J(w -)• qQ/2r x) = 6 3a • (qQ ) 2 > 0 , (41) 

4(1 - VI - x 2 ) 2 

where the inequality sign in (15T1) refers to RN black holes in the regime x 2 > (8y/7— 14)/9. In particular, one finds that 
the expression SB) is a positive definite function in the entire charge interval (1551) [note that (8y/7 — 14)/9 < 4y/3 — 6]. 
Substituting into (l40l) oj qQ/r + for the case qQ/r + < fi , one finds 

-I- 4\/i — 7*2 — fi 

J(u ->• qQ/r+; x) = -± \ \ ■ (qQ) 2 > 0 , (42) 

(1 + vl — X Z Y 

where the inequality sign in (1551) refers to RN black holes in the regime 5/9 < x 2 < 1. In particular, one finds that the 
expression (l42l) is a positive definite function in the entire charge interval (l38l) [note that 5/9 < 4y/3— 6 ]. Substituting 
into SB (jj —^ fx for the case qQ/2r_ < /r < qQ/r + J29|, one finds [30| 

J(uj —► n; x) > min{ J(u> —$■ qQ/2r_\x), J(uj — > qQ/r + ; a")} > 0 . (43) 

We therefore conclude that charged RN black holes in the charge interval (l38l) are characterized by (at least) one of 
the relations [see Eqs. (1271) . (1551) . (1511) . (1551) . and (1551) ] 

b>J> 0 ; c < 0 . (44) 


C. The spatial behavior of the effective radial potential 

We shall now analyze the spatial behavior of the effective radial potential V ( r ) that appears in the Schrodinger-like 
radial equation (fl2l) . In particular, we shall determine the signs of the four roots {zi, Z2, 23 , Z4} which characterize 
the gradient equation [see Eq. m] 


V'(z) = 0 . (45) 

Taking cognizance of the inequality (1551) , one finds [see Eq. (ED] 

V'(r 00 ) 0“ (46) 

for the asymptotic behavior of the effective radial potential. In addition, from Eqs. ED and (1141) one finds that the 
effective radial potential V(r) is characterized by the following two properties: 

V(r —> r+) —> —00 , (47) 

and 

V(r —> r_) —> —00 . (48) 

Taking cognizance of Eqs. (l46l) and (1571) . one concludes that the effective potential V(r) is characterized by at least 
one maximum point in the exterior black-hole region r > r + E3- We denote that maximum point by 24 , where 


24 > 0 . 


( 49 ) 
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In addition, taking cognizance of Eqs. El) and (l48l) , one concludes that the effective potential V (r) has at least one 
maximum point which is located in the interval r_ < r < r + between the two horizons of the charged black hole [l3j] . 
We denote that maximum point by 03 , where 


04 > 03 > 0 . (50) 

Taking cognizance of Eqs. (i23l) and (l24l) . and using the well-known relation 

zi ■ z 2 ■ 23 • z 4 = ^ , (51) 

for the four roots of a quartic equation, one finds 

zi ■ z 2 ■ z 3 ■ Z 4 > 0 . (52) 

Likewise, taking cognizance of Eqs. (E3l) . (1371) . and (Hil) . and using the well-known relations 

b , . 

Z\ + Z2 + z$ + Z4 — — ! • > 3 ) 

a 


and 


c 

Z\ ■ Z2 + Z\ ■ Z3 + Z\ ■ Z4 + Z2 • £3 + Z2 • Z4 + 23 • Z4 = — 

a 


(54) 


for the four roots of a quartic equation, one concludes that highly-charged RN black holes in the charge interval © 
are characterized by (at least) one of the following relations: 


z\ + z 2 + Z 3 + Z 4 < 0 ; z\ ■ Z 2 + zi ■ Z 3 + z\ ■ Z 4 + z 2 ■ Z 3 + z 2 ■ Z 4 + z 3 ■ Z 4 < 0 . (55) 

Finally, taking cognizance of Eqs. (EOD, (El, and El, one concludes that V'(z) is characterized by two negative 
roots (we denote them by z\ and Z 2 , where z\ < Z 2 < 0) and two positive roots (0 < Z 3 < Z 4 ). 

Our analysis thus reveals that, for bound states of the scalar fields [characterized by w 2 < /x 2 , see (fl5l) ] in the 
superradiant regime [characterized by w < qQ/r + , see (©], the gradient V'(z) of the effective potential that appears 
in the Schrodinger-like radial equation m is characterized by two positive roots and two negative roots. The physical 
root Z 4 > 0 (or equivalently, r 4 > r+) corresponds to a maximum point of the effective radial potential V(r) in the 
black-hole exterior region. The negative roots { 01 , 22 } and the positive root 03 correspond to three roots of V'(r) in 
the black-hole interior region r < r + . 

We have therefore proved that, in the superradiant regime (©, the effective radial potential V (r) is characterized by 
the existence of only one maximum point (and no minima at all) in the black-hole exterior region. This implies that, 
in the superradiant regime (©, there is no binding potential well in the physical region r > r. |_ which is separated 
from the black-hole horizon by a potential barrier. One therefore concludes that, for highly-charged RN black holes 
in the charge interval 8/9 < ( Q/M ) 2 < 1, there are no bound-state resonances (with w 2 < /x 2 ) of the charged massive 
scalar fields in the superradiant regime ui < qQ/r+. 


IV. SUMMARY 

Motivated by the well-known superradiant instability phenomenon which characterizes the composed Kerr-massive- 
scalar-field system, we have explored here the possible existence of an analogous superradiant instability for highly- 
charged Reissner-Nordstrom black holes [in the regime 8/9 < (Q/M ) 2 < 1] coupled to charged massive scalar fields. 
It was shown that the two physical mechanisms which are required to operate simultaneously in order to trigger the 
superradiant instability phenomenon in the black-hole spacetime [namely: ( 1 ) the superradiant amplification of the 
charged scalar fields by the charged black hole, and ( 2 ) the existence of a binding potential well in the black-hole 
exterior region which prevents the extracted energy and electric charge from escaping to infinity] cannot operate 
simultaneously. In particular, we have proved that RN black holes in the charge interval 8/9 < (Q/M ) 2 < 1 cannot 
support bound-state resonance (with w 2 < /x 2 ) of charged massive scalar fields in the superradiant regime u> < qQ/r+. 
This fact suggests that the dynamics of charged massive scalar fields in these highly-charged RN black-hole spacetimes 
is expected to be stable. 

The stability results presented in this paper for the highly-charged RN black holes in the regime 8/9 < (Q/M ) 2 < 1, 
combined with former analytical studies which explored the stability of these charged black holes in the complementary 


regime ( Q/M) 2 < 8/9 jU, Hi: establish the fact that charged Reissner-Nordstrom black holes are immune against 
the superradiant instability phenomenon in the entire parameter space. 

Finally, we would like to stress that the present analysis excludes the existence of exponentially growing instabil¬ 
ities (bound-state resonances) of the charged scalar fields in the charged Reissner-Nordstrom black-hole spacetime. 
However, it is worth noting that milder forms of instabilities could appear, in principle [3l| . 
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